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ABSTRACT

Direct position determination (DPD) is one powerful technique for
emitter localization especially under low signal-to-noise ratio con-
ditions, but its practical use is hindered by the prohibitive compu-
tational cost of its exhaustive grid search. To overcome this limi-
tation, this work proposes a structured tensor completion-based ap-
proach, in which the high-dimensional DPD likelihood tensor is ap-
proximately modeled as the sum of a rank-one unimodal tensor plus
a low-rank background tensor. A specialized deep neural network
(DNN) is then designed to learn the factors of this decomposition
directly from sparse observations, eliminating the need for a full
grid search. Experiments reveal that our structure-based approach
can successfully translate a low reconstruction error into an accu-
rate state estimate, a task that generic DNN baselines fail at. Such a
computationally efficient framework makes high-performance DPD
practical for real-time applications.

Index Terms— Direct Position Determination (DPD), CP De-
composition, Tensor Completion, Deep Neural Network

1. INTRODUCTION

Over the past decades, passive localization has evolved into a critical
technology with a broad range of applications, including electronic
reconnaissance [1], rescue operations [2] and autonomous driving
[3]. Existing passive localization approaches can generally be di-
vided into two main categories: one is two-step indirect methods that
rely on intermediate parameter estimation, and the other is Direct Po-
sition Determination (DPD) [4] methods that estimate the emitter’s
position directly from the raw sensor data.

The two-step approach first extracts position-dependent param-
eters, such as time difference of arrival (TDOA) [5], angle of ar-
rival (AOA) [6], or received signal strength (RSS) [7], and then esti-
mates the emitter position by solving an optimization problem con-
structed from these parameters. This method is often suboptimal,
especially under low signal-to-noise ratio (SNR) conditions, because
it fails to enforce the crucial constraint that all parameter estimates
must correspond to the same source position [8]. In contrast, DPD
[9, 10, 11, 12] directly estimates the source position by jointly mod-
eling the signals from all sensors as a function of a candidate state
(position and velocity). This avoids intermediate parameter extrac-
tion and generally achieves better accuracy. However, the perfor-
mance of DPD is critically dependent on an exhaustive search over
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a discretized grid, and achieving sufficient resolution leads to pro-
hibitive computational costs, which remains a significant barrier to
its practical application.

Recent efforts to reduce the computational cost of DPD have
primarily followed two paths. The first involves end-to-end learn-
ing, where deep neural networks (DNNs) map raw received sig-
nals directly to source position [13, 14, 15, 16]. While this path
enables fast position estimation, it overlooks the intrinsic physical
structure of the DPD paradigm, resulting in black-box models with
limited interpretability. The second path exploits structural proper-
ties of the DPD output, for instance, in two-dimensional scenarios,
low-rank matrix completion has been used to accelerate computation
by leveraging the approximately low-rank structure of the likelihood
landscape [17]. However, this approach does not naturally extend to
higher-dimensional problems, where the DPD likelihood landscape
forms a high-order tensor whose complex structure cannot be ade-
quately captured by simple low-rank models.

To close this gap, we propose a structured tensor model to repre-
sent the high-dimensional DPD likelihood landscape, in which low-
dimensional factor representations are learned by DNNs. This al-
lows for efficient inference of position and velocity from fewer sam-
ples. Our contributions are summarized as follows:

¢ A Canonical Polyadic decomposition (CPD [18, 19])-
Structured Tensor Model: We introduce a model that ap-
proximates the DPD likelihood tensor as the sum of a rank-
one unimodal tensor for state determination and a low-rank
tensor for the background compensation. This principled ap-
proach converts the high-dimensional exhaustive search into
a structured tensor completion problem, which only requires
sampling a few elements of the tensor.

* A structural DNN for Tensor Completion: We design an
efficient and structural DNN to learn the solution of the pro-
posed tensor completion problem. The DNN is trained offline
and can be efficiently implemented to infer emitter state from
few samples. This yields a fast inference way to attain the
solution while preserving the structure of the DPD tensor.

2. BACKGROUND AND PROPOSED FORMULATION

2.1. The Direct Position Determination (DPD) Paradigm

To determine the state of a signal source (e.g., position & and veloc-
ity v) from signal samples received by M stationary sensors, one
powerful approach is the DPD framework [4]. Grounded in the
physical principles of signal propagation and a Maximum Likeli-
hood (ML) criterion [4], the DPD framework directly correlates raw
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received data with hypothesized target states, bypassing intermedi-
ate parameter extraction and leveraging the full received signal for
higher localization accuracy.

Mathematically, the DPD paradigm seeks to maximize a likeli-
hood function in the state space:

max max f(a = max F 1
max max f(a, p) = max F(p), M
where p = [27,vT]T € R* is the source state within the search

space P, and a represents unknown signal vector and channel pa-
rameters [11]. Function F(p) represents the likelihood landscape
over the position-velocity space, which is typically derived using ML
[4] or a Generalized Likelihood Ratio Test (GLRT) [20].

The practical implementation of DPD is hindered by a pro-
hibitive computational cost. First, evaluation of F'(p) at every grid
involves computationally intensive operations, such as finding the
largest eigenvalue [4, 12], or calculating the likelihood ratio via an
iterative algorithm [21]. Second, the total number of grids grows
exponentially with the state dimension, i.e., O(G”), where G is the
number of grids per dimension and D is the state dimension.

2.2. Motivation

Our key insight is that the highly structured nature of the likelihood
landscape F'(p) can help us avoid this exhaustive search. As illus-
trated in the two-dimensional example in Figure 1, the landscape is
characterized by a dominant peak at the true source position, sur-
rounded by a decay pattern. This structured pattern is a strong prior
but has never been exploited in the literature before; leveraging such
structure requires a rigorous formulation especially for the high-
dimensional case.

Fig. 1: A 2D contour map of the DPD likelihood landscape F'(p),
illustrating the distinct unimodal peak at the true source position.

The DPD likelihood landscape on a discretized grid can be re-
garded as a high-order tensor, which exhibits a fundamental struc-
tural property dominated by a rank-one component, which can be ex-
tracted using Canonical Polyadic Decomposition (CPD). As shown
in Figure 2, the factors of this dominant component are distinctly
unimodal, with their peaks directly indicating the true coordinates of
the source position and velocity.
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Fig. 2: The unimodal factors of the dominant rank-one component
of DPD tensor. The peak location of each factor directly corresponds
to a coordinate of the source’s state.

Notably, the tensor’s background (defined as a tensor minus its
rank-one component) is evidently low-rank, a property evidenced by
the sharp decay of its CPD weights after the primary component.
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This motivates us to model the background using a low-rank ap-
proximation. The effectiveness of this approximation can be verified
on key tensor slices, though these figures are omitted due to page
limitations.

2.3. Proposed Structured Tensor Completion

Based on these structural properties, we propose to reformulate the
DPD grid search as a structured tensor completion problem, where
the position and velocity of the source are indicated by the unimodal
factors. In particular, the ground-truth likelihood tensor is denoted
as X' € R %14 1ts entries are evaluated on a discretized grid
G of candidate states, and I,, is the number of grid points along the
n-th dimension. Leveraging the structural prior, we decompose X"
into three distinct CP-structured components as

X'=T+L+N, @
where T = t( 0 t@ 6 t®) 6 t® is a rank-one CP tensor with
a unimodality to capture the sharp peak, L = Zf ) £<1)(:7 r) o
LD (1) 0 83 (1) 0 £ (:,r) is a low-rank CP tensor to model
the structured background, and IV represents a noise tensor. Here, o
denotes the outer product of vectors, each t(™ ¢ R’ is a unimodal
factor vector, and each £ ¢ RImXBL g a factor matrix with Ry
denoting the CP rank of L.

Instead of exhaustively evaluating all elements of this high-
dimensional tensor X ¢, we only sample a sparse subset as

Y, =0®X" ()
where O is a binary mask and ® denotes the Hadamard product.
The objective is thus to recover the factors of both T and L from
the sparse observations Y, .. The source state is then determined
by locating the maximum in each unimodal factor vector:

Note that traditional model-based tensor completion methods
rely on generic priors and thus struggle to capture intricate and
highly nonlinear patterns in the DPD likelihood landscape F'(p).
Instead, DNNs can effectively learn how to approximate these intri-
cate structures directly from data. To this end, we propose a deep
completion model that learns the two mapping functions:

“

Pn = arg max

forn=1,...,4.
i€[In]

(6,6 3 6®) = g1(g5(Y 13 05): 0L),

(t(l),t<2)7t(3>7t(4)) = g1(95(Y o1 08); 01), )

which generate the factors of the rank-one and low-rank compo-
nents. Here, g (-; 6) denotes the encoder function (parameterized
by Og) that extracts a latent representation, while 67 and 67, repre-
sent the trainable parameters of the rank-one and low-rank decoding
branches, respectively.

The complete tensor estimate is then given by:

X = tW 0@ 0® 0@ L [V 4@ 43 p@7

T

(6)

L

In summary, the low-rank component L explains away struc-
tured background variations during learning, thereby yielding a
cleaner and more discriminative peak tensor I for inference. Our
deep completion model leverages this decomposition by learning to
reconstruct both components simultaneously from sparse observa-
tions. The design of the DNN architecture to effectively learn these
mappings is detailed in the following section.
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Fig. 3: Two-stage architecture of the proposed Deep Structured Tensor Completion Network: (i) an attention-based encoder for feature
extraction, and (ii) a two-branch decoder for CPD-based tensor generation.

3. DNN FRAMEWORK FOR STRUCTURED TENSOR
COMPLETION

To solve the structured tensor completion problem formulated above,
this section introduces the Structured Tensor Completion for DPD
(STC-DPD), which learns the CP factors of both the rank-one peak
tensor " and the low-rank background tensor L directly from sparse
observations and sensor information. The inclusion of sensor infor-
mation here (e.g., sensor geometry and SNR) is crucial, as the struc-
ture of the likelihood landscape F'(p) is highly dependent on these
physical conditions.

3.1. Network Architecture

As illustrated in Figure 3, the architecture of STC-DPD is composed
of two stages. The first stage is an attention-based encoder that dis-
tills features from sparse observations, sensor geometry and SNR
into a global feature. The second stage is a two-branch decoder that
uses the obtained feature to generate the separate CP factors for the
rank-one tensor T and the background tensor L.

Feature Extraction (Encoder): The encoder’s goal is to pro-
cess the inputs and produce a global feature vector z. It handles
two parallel information streams. First, the encoder processes the
sparse DPD observation tensor Y, ., which contains ||O||o non-
zero entries (up to a maximum of K,ax observations). For each in-
dex k = 1,2,...,]|O|lo, the corresponding entry consists of a grid
index I'y, and its value Y, .(T'x), which the encoding block maps
to a feature vector 7. Second, the encoder processes the sensor
positions {q; }2£; and SNRs {p;} £, to produce a unified sensor in-
formation vector Rgensor. These streams are fused by concatenating
each observation feature r; with the shared sensor vector Asensor.
Finally, a self-attention mechanism aggregates this set of fused fea-
tures into the global feature z, dynamically scaling the contribution
of each observation.

CPD-Based Tensor Generation (Decoder): The decoder maps
the global feature 2z to the CP factors of the final decomposition via
two parallel branches, which implement the functions gr and gr..
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The rank-one branch g7 maps the global feature z to the four factor
vectors {t(™}4_, that form the rank-one tensor T', while the low-
rank branch g, maps z to the four factor matrices {£<"> 4_, that
form the low-rank background tensor L. The final estimated DPD
tensor X is then reconstructed by summing the two components T"
and L.

Architecture Motivation: The attention-based encoder han-
dles the variable number ||O]|o of non-zero observations (where
0 < ||OJlo £ Kmax) across different scenarios by dynamically
weighting each observation based on its consistency with the like-
lihood landscape. This mechanism enables the model to focus on
the most informative measurements and extract a global feature
vector z, which provides sufficient information for the subsequent
generation of {t(™}4_, and {£™}4_,.

3.2. Training Objective

STC-DPD is trained end-to-end by minimizing a composite loss
function £ that combines a reconstruction term for data fidelity with
a regularization term that incorporates our proposed structural prior.
The loss is defined as

X - XhHi +A i Lor(t'™)

L= Q)
N—_———— n=1
Reconstruction Loss
Unimodality Regularization
where the reconstructed tensor X =t 6 t@ o B o ¢ 4

[[é(l),f(2) , £(3),Z(4)]], with the factor vectors {t(")}izl and matri-
ces {£(™}2_, generated by the DNN as in (5).

The Reconstruction Loss is the squared Frobenius norm be-
tween the estimated tensor X and the ground-truth X%, driving
the model to accurately recover the overall likelihood landscape.
The Unimodality Regularization is weighted by a hyperparameter
A > 0. This term enforces the physical prior that the localization
peak should be unimodal. It is defined for the rank-one tensor T as
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forn=1,2,3,4:

i

P, I,
Lor(™) =3[ — M+ ST Y — M), ®)
=2 i=p+1

where []+ = max(0,-) and pf is the grid index of the true peak
along the n-th dimension. This penalty function ensures that each
factor vector is monotonically non-decreasing up to the peak and
non-increasing thereafter. In essence, while the reconstruction loss
ensures the estimated tensor fits the ground-truth, the unimodality
regularization guides the network to find a solution that is physically
interpretable, as illustrated by the factor profiles in Figure 2.

We remark that the proposed framework offers several key ad-
vantages over both traditional DPD and end-to-end DNN methods.
Firstly, it preserves the well-studied signal processing principles for
computing F'(p), ensuring physical foundations are retained. Sec-
ondly, it focuses the DNN on learning only the unmodeled landscape
structure, which simplifies the learning problem and enhances in-
terpretability. Thirdly, it embeds the intrinsic structure of the DPD
tensor into the network design, achieving reliable accuracy with sig-
nificantly reduced computational complexity.

4. EXPERIMENTS

This section presents a comparative evaluation of STC-DPD against
representative baseline methods, along with an ablation study.

4.1. Experimental Setup

Dataset We generate a synthetic dataset comprising 1000 distinct
scenarios, created from 10 distinct sensor geometries and 100 emit-
ter state/SNR combinations per geometry. For each scenario, the re-
ceived signal is simulated as a BPSK-modulated signal with 100 kHz
baud rate. The carrier frequency is at 1.42 GHz and duration time of
each signal trial is 0.1 s with a 600kHz sampling rate. The DPD
likelihood values are computed on a four-dimensional search grid
covering a position region of [0,20] km and a velocity region of
[—100, 100] m/s. Each dimension is discretized into 21 grid points,
forming a dataset of fourth-order DPD tensors with total 21* entries.
The likelihood values within each tensor are normalized to the range
[0, 1]. The entire dataset is partitioned into training, validation, and
test sets following a 7:2:1 ratio.

Baselines and Metrics We first compare STC-DPD against dis-
tinct learning-based tensor completion baselines:

e MLP-based Low-Rank Model (MLRM): A basic MLP
model that outputs the factors of a low-rank CP decomposi-
tion to construct the complete tensor.

* 4D ConvNet [22]: A generic DNN using a 4D convolutional
encoder-decoder framework to learn a mapping from the
sparse tensor to the complete tensor.

To evaluate the performance of STC-DPD from different per-
spectives, we adopt two primary metrics: (i) the absolute state er-
ror, defined as the Euclidean distance between the estimated and
ground-truth emitter states in the discretized state space, with a grid
resolution of 1 km in position and 10 m/s in velocity; and (ii) the re-
construction loss, which is the normalized Frobenius norm between
the reconstructed and ground-truth DPD tensors.
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4.2. Comparison with Baselines

We compare our proposed STC-DPD against the DPD benchmark
and two DNN baselines using a fixed input observation ratio of 5%,
which is defined as the ratio of observed entries to total tensor size,
p = Ollo/T1:_, I.. Results in Table 1 reveal a crucial insight:
although MLRM and 4D ConvNet attain low reconstruction loss,
this does not guarantee accurate state estimation, as both baselines
exhibit substantially higher position and velocity errors than our
method. This discrepancy arises because these generic architec-
tures, which lack specific structural priors, can approximate the
overall distribution of the DPD likelihood landscape but consistently
fail to model the sharp, distinct peak with the grid precision neces-
sary for reliable localization. Moreover, without explicit structural
priors, these models are prone to overfitting in the training data,
leading to degraded generalization and unreliable state estimates
despite low reconstruction loss.

Table 1: Comparison with baselines on the test set.

Model Pos. Err  Vel. Err Recon. Loss Time Ratio
Proposed 1.44 0.96 0.0018 5.04%
DPD 0.52 0.27 - 100.00%
MLRM 4.80 5.56 0.0021 5.00%
4D ConvNet 4.38 5.03 0.0173 5.24%

In contrast, our proposed STC-DPD demonstrates a balance of
performance. While its accuracy is naturally lower than the DPD
benchmark derived from the full tensor, it achieves state estimation
errors that are significantly closer to this ideal baseline than other
learning-based methods. Critically, this performance is achieved us-
ing only 5% of the samples, reducing the computation time to 5%
of the time required by the exhaustive DPD grid search under the
same computational settings and hardware. Although STC-DPD is
marginally slower than the MLRM baseline, the overall advantage
in efficiency is substantial. By explicitly modeling the rank-one and
low-rank structure and enforcing the unimodality prior, our proposed
STC-DPD is guided to reconstruct not just the general landscape, but
more importantly, a well-defined and correctly located peak. This
structure-based design is the key to bridging the gap between a low
reconstruction error and a genuinely accurate state estimate.

4.3. Ablation Studies

To validate the contributions of key components within our proposed
STC-DPD, we conduct two ablation studies. Specifically, we test the
efficacy of the attention mechanism and the unimodality regulariza-
tion, with results summarized in Table 2.

Table 2: Ablation study of the proposed framework’s components.

Model Configuration Pos. Err  Vel. Err
Proposed 1.44 0.96
w/o Attention 221 2.55
w/o Unimodality Reg. 4.89 5.71

From Table 2, we observe that removal of the unimodality regu-
larization causes the most significant performance degradation, with
position and velocity errors increasing by over 240% and 490%
respectively. This highlights that enforcing this physical prior is
critical for guiding the network to a correct and interpretable solu-
tion. Similarly, removing the attention mechanism also substantially
harms performance, confirming its crucial role in effectively aggre-
gating information from sparse inputs.
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