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ABSTRACT

Graph models have attracted considerable attention for its
wide applications across various fields, e.g., finance, social
science, and genomics. It can be carried out via the max-
imum likelihood estimation (MLE) of the precision matrix
from the observed data. The sparsity is usually induced into
the estimation and has shown its success in many real-world
applications. Recently, there are some evidences showing
that incorporating low-rank factor analysis (FA) structure
into graphical models is a promising approach for dimen-
sional reduction so as to improve the graph learning perfor-
mance. However, it is to be investigated about how to learn
such structured graphical models. In this paper, we propose
an MLE problem formulation for learning graphical models
considering jointly the low-rank FA structure and sparsity
pattern on precision matrices. A block coordinate descent
algorithm is further proposed to solve our proposed formula-
tion. The superior performance of our proposed formulation
and algorithm are verified through numerical simulations on
both synthetic data and real financial data.

Index Terms— Graph learning, low-rank FA, sparsity,
non-convex optimization algorithms

1. INTRODUCTION

In the era of big data, Gaussian Graphical Models (GGM)
have been gaining increasing popularity in various research
areas such as bioinformatics, genomics, and financial analy-
sis [1, 2, 3]. The power of GGM stems from its capability to
detect, exhibit, and predict the underlying connections among
dependent entities. The performance of GGM is closely re-
lated to the accuracy of its internal parameters, so the induced
model estimation task becomes crucial. The estimation task
is named Gaussian graphical model learning and can be for-
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mulated as maximum likelihood estimation (MLE) of the pre-
cision matrix based on observed data.

It has been extensively verified that incorporating prior
knowledge of sparsity in the precision matrix leads to a re-
markable improvement in the performance of GGM. The
well-known graphical lasso applied the `1-norm penalized
MLE and imposed sparsity elementwisely on the precision
matrix [4]. In later studies, researchers proposed to replace
the `1-norm penalty with nonconvex ones, e.g., capped `1-
penalty [5] and smooth clipped absolute deviation [6]. Paral-
lel to graphical lasso, the Bayesian approach was developed to
induce sparsity in the precision matrix estimation by Laplace
prior [7]. Extensive results illustrate that this approach can
well detect the sparse structure of the precision matrix and
reveal the conditional dependency among entities. Interested
readers may refer to [8, 9, 10, 11] for detailed descriptions of
graph modeling performances under sparsity encouragement.

The low-rank factor analysis (FA) model is a prevailing
structure in covariance matrix [12]. The principal assump-
tion is that high-dimensional data samples are driven by low-
dimensional factors and uncorrelated noise. Therefore, the
covariance matrix of high-dimensional data admits a low-rank
plus diagonal structure. This structure meets practical needs
in several areas such as finance [13], cognitive radio [14]. A
recent study has shown that precision matrices also enjoy a
low-rank plus diagonal structure in some applications [15].

In this paper, we investigate the problem of learning
graphical models, where the precision matrices follow the
low-rank FA structure, i.e., low-rank plus diagonal, and spar-
sity pattern. The key contributions of this paper include:

• We propose a novel optimization problem formulation
for learning the GGM, where the precision matrix is
sparse and follows the low-rank plus diagonal structure.

• We design an efficient and provably convergent opti-
mization algorithm based on the block coordinate de-
scent framework for solving the proposed formulation.

• Numerical experiments on synthetic and real financial
data reveal that our proposed method outperforms the
existing methods.

The paper is organized as follows: Sec. 2 presents the prob-
lem, Sec. 3 details the proposed algorithm, Sec. 4 reports
numerical experiments, and Sec. 5 concludes the paper.
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2. PROBLEM FORMULATION

In this section, we introduce the problem formulation of MLE
for modeling the GGM when the precision matrix is sparse
and admits the low-rank FA structure. After attempts, we
found that directly imposing both structures in the MLE for-
mulation leads to an very intractable problem. Therefore we
propose to first reformulate the precision matrix estimation
problem with only low-rank FA structure, and then introduce
the sparsity in the constraint of the obtained reformulation.

Suppose n observations of p dimensional random vari-
ables {xi}ni=1 (xi ∈ Rp) are generated from a GGM model,
the MLE problem on the precision matrix under the low-rank
FA structure can be written as

min
M ,Ψ

Tr ((M + Ψ)S)− log det (M + Ψ)

s. t. rank (M) ≤ r,M � 0,Ψ � 0,
(1)

where M is the low-rank component with rank r (r < p),
Ψ = Diag (ψ1, . . . , ψn) is the diagonal component, and S =
1
n

∑n
i=1 xix

T
i is the sample covariance matrix from observa-

tions. We define a new variable M̃ as M̃ = Ψ− 1
2MΨ− 1

2 .
Then the above problem can be rewritten as

min
M̃ ,Ψ

Tr
(
Ψ

1
2

(
M̃ + I

)
Ψ

1
2S
)
− log det Ψ

1
2

(
M̃ + I

)
Ψ

1
2

s. t. rank(M̃) ≤ r, M̃ � 0, Ψ � 0.
(2)

Now we consider to promote the sparsity in the precision
matrix by putting `1-norm constraint on the off-diagonal ele-
ments of M̃ , i.e.,

min
M̃ ,Ψ

Tr
(
Ψ

1
2

(
M̃ + I

)
Ψ

1
2S
)
− log det Ψ

1
2

(
M̃ + I

)
Ψ

1
2

s. t. ‖M̃‖off,1 ≤ ρ, rank(M̃) ≤ r, M̃ � 0, Ψ � 0.
(3)

where ρ is a tuning parameter controlling the sparsity level
in M̃ . Note that the estimated precision matrix Θ will be
recovered as Θ = Ψ

1
2 (M̃ + I)Ψ

1
2 , which means Θij = 0

iff M̃ij = 0 (i, j = 1, . . . , p).
Following [16, Sec. IV], we replace the low-rank con-

straint rank(M̃) ≤ r and positive semidefinite constraint
M̃ � 0 with M̃ = UΛUT , where U ∈ Rp×r and
Λ = Diag (λ1, . . . , λr) are new dummy variables satisfy-
ing UTU = Ir and λ = [λ1, . . . , λr]

T ≥ 0. Then the hard
constraint M̃ = UΛUT is further relaxed as the regulariza-
tion term τ

2‖M̃ − UΛUT ‖2F in the objective. Finally the
problem formulation is given in (4).

In what follows, we consider solving the Problem (4) to
obtain the precision matrix estimate. Although it is still a non-
convex problem, we can develop an efficient algorithm based
on the block coordinate descent (BCD) framework [17] as in
the next section.

3. PROPOSED ALGORITHM

In this section, we propose the graphical learning with low-
rank FA and sparsity structures (GFA) algorithm to solve
Problem (4). It is designed by cyclically updating blocks
(M̃ ,U ,Λ,Ψ).

Update of M̃ : The sub-problem on M̃ is

min
M̃

‖M̃ −Ω‖2F

s. t. M̃ � 0, ‖M̃‖off,1 ≤ ρ,
(5)

where Ω = UΛUT − 1
τΨ

1
2SΨ

1
2 . This is a problem of

projection onto the intersection of two convex sets in Hilbert
spaces, which is a convex problem and can be solved by sev-
eral toolboxes, e.g., CVX [18, 19]. For computational ef-
ficiency, we propose to solve it by Dykstra’s projection al-
gorithm [20]. The details are given in Algorithm 1, where∏

S+ (Z) is projecting a symmetric matrix Z onto the posi-
tive semidefinite cone and can be achieved simply by eigen-
value decomposition [21],

∏
`1

(Z) is projecting a symmetric
matrix Z onto the specific `1 norm ball {Z | ‖Z‖off,1 ≤ ρ}
and can be very efficiently obtained by a water-filling-like al-
gorithm [22, Lemma 1][23].

Algorithm 1 Dykstra’s projection algorithm for solving M̃
sub-problem (5).

1: Initialize M̃0 = Ω, P 0 = Q0 = 0,
2: for k = 0, 1, 2, . . . do
3: Y k =

∏
S+

(
M̃k + Pk

)
;

4: P k+1 = M̃k + P k − Y k;
5: M̃k+1 =

∏
`1

(
Y k +Qk

)
;

6: Qk+1 = Y k +Qk − M̃k+1;
7: Terminate when converges;
8: end for
9: Return M̃k+1.

Update of λ: The sub-problem on λ is

min
λ≥0

τ

2
‖M̃−UΛUT ‖2F −

r∑
i=1

log (λi + 1) , (6)

which can be rewritten and simplified as r sub-problems. For
any λi, the problem is given as [16]

min
λi≥0

τ

2
(λi − bi)2 − log (λi + 1) , (7)

where bi = [UM̃UT ]ii. The closed-form solution of the
sub-problem (7) is given in the following lemma.

Lemma 1. The optimal solution to Problem (7) is

λ?i =
1

2

[
bi − 1 +

√
(bi − 1)2 + 4(bi + 1/τ)

]
.
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min
M̃ ,U ,Λ,Ψ

Tr
((
M̃ + I

)
Ψ

1
2SΨ

1
2

)
−

r∑
i=1

log (λi + 1)− log det (Ψ) +
τ

2

∥∥∥M̃ −UΛUT
∥∥∥2
F

s. t. M̃ � 0, ‖M̃‖off,1 ≤ ρ, UTU = Ir, λ ≥ 0, Ψ = Diag (ψ1, . . . , ψp) � 0.

(4)

Proof. Taking the gradient of objective of Problem (7) being
zero, we obtain the following equation to solve

τ (λi − bi)−
1

λi + 1
= 0.

Since τ > 0 and bi ≥ 0, the above equation must admit
two solutions, which are located within region (−∞,−1) and
(0,+∞), respectively. Note that its objective is a convex
function when λi ≥ 0. Then the solution within (0,+∞)
must be the optimal solution of Problem (7).

Update of Ψ: The sub-problem on Ψ is

min
Ψ

Tr
((
M̃ + I

)
Ψ

1
2SΨ

1
2

)
− log det (Ψ)

s. t. Ψ = Diag (ψ1, . . . , ψp) ,
(8)

Denote α = diag
(
Ψ

1
2

)
and we can rewrite the above prob-

lem as

min
α

αTΓα−
p∑
i=1

logα2
i

s. t. α ≥ 0,

(9)

where Γ = S �
(
M̃ + I

)
is guaranteed to be positive defi-

nite since S,M̃ + I � 0 [24]. This is a convex problem and
can be efficiently solved by a gradient descent method [16,
Algorithm 2].

Update of U : The sub-problem on U is

min
U
‖M̃ −UΛUT ‖2F

s. t. UTU = Ir,
(10)

The optimal solution of the above problem is r principle
eigenvectors of M̃ with the corresponding eigenvalues fol-
lowing the same order of Λ [16].

The overall GFA algorithm is summarized in Algorithm 2.
The convergence analysis of our proposed FANC algorithm is
given in the following.

Proposition 1. The sequence
{
M̃k,λk,Ψk,Uk

}
generated

by Algorithm 2 converges to the set of stationary points of
Problem (4).

Proposition 1 shows that the sequence
{
M̃k,λk,Ψk,Uk

}
generated by Algorithm 2 has at least one limit point, and
each limit point is a stationary point of Problem (4). The
convergence proof of Algorithm 2 directly follows from the

Algorithm 2 GFA algorithm for solving Problem (4).

1: Initialize M̃0, λ0,Ψ0, U0.
2: for k = 0, 1, 2, . . . do
3: Update M̃k+1 via Algorithm 1;
4: Update λk+1 as in Lemma 1;
5: Update Ψk+1 via [16, Algorithm 2];
6: Update Uk+1 as [16, Lemma 2];
7: Terminate when converges;
8: end for
9: Return Θ = (Ψk+1)

1
2

(
M̃k+1 + I

)
(Ψk+1)

1
2 .

convergence proof part in [25, Theorem 5]. Note that the
Proposition 1 is guaranteed without conditions on the up-
dating order, while different updating orders may lead to
different stationary points, owing to the non-convex nature of
the problem.

4. NUMERICAL EXPERIMENTS

Here we perform numerical experiments to show the perfor-
mance of our proposed formulation and algorithm, using both
synthetic data and real financial data. The experiments also
includes several graph learning benchmarks for comparison.

4.1. Synthetic Data

The simulation is set with p = 100, r = 5, and n = 400,
meaning the sample size is not much larger than the number
of variables. We generate the precision matrix Θ as in [16,
Sec. VI-A], resulting in r separate groups in the true graph.
Data {xi}ni=1 is sampled independently fromN (0, (Θ?)−1).
For the GFA method, we set τ = 10, ρ = 200, and r = 5.
For GLasso1 [4], we do not penalize the diagonal and tune
the regularization parameter until some points are isolated.
For Bagus2 [7], the parameter is tuned using the Bayesian
information criterion as recommended.

We consider two types of graphs and present both true
graphs and results of learned graphs in Fig. 1 and Fig. 2. In
Fig. 1, we use the aforementioned setting thus points can be
divided into r = 5 separate groups. The five separate groups
are labelled with different colors. The Bagus method can
substantially recover five groups with a few miss-connecting
edges, and the Glasso method cannot identify the five groups.
They fail to distinguish five groups because they only con-
sider to promote sparsity without the low-rank FA structure

1Glasso: https://cran.r-project.org/web/packages/glasso.
2Bagus: https://github.com/garyganuiuc/SSLasso.
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(a) True graph. (b) GFA (proposed). (c) GLasso [4]. (d) Bagus [7].

Fig. 1: The true and learned graphs with data from separate groups.

(a) True graph. (b) GFA (proposed). (c) GLasso [4]. (d) Bagus [7].

Fig. 2: The true and learned graphs with data from connected groups.

information in estimation. It is significant that our proposed
GFA method almost perfectly recovers the graph. It is rea-
sonable because the GFA method is able to make use of the
low-rank FA structure, while other methods can not. In Fig. 2,
we generate the data using the connected graphs by manually
setting r inter-group points. The parameter settings of these
methods are the same as in Fig. 1. The results are consistent
and our proposed GFA method is the only one successfully
distinguishing five groups and those inter-group points.

4.2. Real-World Data

We now use the real financial data to check the performance
of our proposed GFA method. Since the true precision
matrix of real-world data is unknown, the quality of the
estimated precision matrix is evaluated through backtest-
ing the global minimum variance portfolio (GMVP), i.e.,
w? = Θ̂1/

(
1T Θ̂1

)
[26]. We conduct backtests following

[16, Sec. VI-B], with a lookback window of 60 days and a
testing window of 20 days. For GFA, parameters are set to
r = 5, τ = 1, and ρ = 100. GLasso and Bagus parameters
are set as in Sec. 4.1.

We present, in Fig. 3, the boxplot of the annual volatil-
ity from backtest results. The GMVP using simply sample
covariance matrix (SCM) estimate is also included for com-
parison. It is clear that the SCM method performs the worst,
i.e., the highest annual volatility, because the number of sam-
ples (60) is not significantly larger than the number of stocks
(50). The GLasso and Bagus methods perform better than the
SCM method, which may be explained as the advantage of
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Fig. 3: Boxplot of annual volatility (the lower the better).

promoting sparsity. Significantly, our proposed GFA method
is able to outperform the other methods and achieve the low-
est volatility. It is because GFA is able to simultaneously con-
sider low-rank FA and sparsity structures.

5. CONCLUSION

In this paper, we have considered the graphical model estima-
tion problem with the low-rank factor analysis structure. We
have formulated the problem and proposed a provably con-
vergent GFA algorithm based on the block coordinate descent
method. Numerical experiments have shown the efficiency of
our algorithm and the superiority of our formulation.
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